We performed a complete analysis of the spectrum of all the states in the N = 2 quark model band with N f = 3 in the large N c limit including the often disregarded antisymmetric multiplet [20, 1 + ]. We included configuration mixing effects. We found that the states in the [56,
I. INTRODUCTION
Baryon spectroscopy has been essential for our understanding of QCD in the low-energy, strong-coupling regime. In this context, the quark model for baryons has since long time been a useful tool to analyze the spectrum and properties of excited baryons [1] . In the quark model, baryon resonances belong to SU(2N f ) × O(3) representations that are accommodated into N bands of the harmonic oscillator. Recent studies of lattice QCD calculations [2, 3] seem to confirm this classification scheme, strongly suggesting a connexion between QCD and the quark model. The main advantage of these numerical lattice calculations is that they rely entirely on the fundamental QCD theory. On the other hand, the lattice QCD method lacks the transparency and simplicity of an analytic approach. To unravel a physical picture in terms of effective degrees of freedom, effective interactions, and symmetries is still a challenging task. Thus, despite the continuing improvements in the lattice QCD techniques, the understanding of resonant state properties from first principles remains a very hard problem.
The large N c QCD approach suggested by 't Hooft [4] has become a powerful tool to understand the spectrum and properties of ground state baryons and their first excited states.
This approach is based on the result that in the sector of the ground state light flavored baryons, there is a contracted SU(2N f ) c spin-flavor symmetry in the limit of large N c [5, 6] .
Since the large N c picture was first used to describe baryons by Witten [7] , the 1/N c expansion using effective quark operators has been applied with great success to describe properties of the ground state baryons (see Ref. [8] for a brief review and references therein).
The ground state baryons belong to the N = 0 band of the quark model classification scheme and are described by the symmetric representation 56 of SU (6) for N f = 3. Excited states require a more complex treatment as they also appear in mixed-symmetric and antisymmetric representations of SU(2N f ). Several detailed studies of the masses of excited baryons in the N = 1 band, which belong to the [70, 1 − ] multiplet with mixed spin-flavor symmetry, have been carried out with great success using a mass operator built with core and excited quark operators [9] [10] [11] [12] [13] [14] [15] . Multiplets belonging to the N = 2 band have also been separately studied, namely the [56, 0 + ] multiplet in Ref. [16] , the [56, 2 + ] multiplet in Ref. [17] and the baryons of the [70, L + ] with L = 0, 2 in Refs. [18, 19] . In addition to the analysis of the mass spectra, strong and electromagnetic decays were also studied in the 1/N c expansion approach (see Ref. [20] for a recent review).
As already mentioned, the classification scheme for baryon resonances based on irreducible representations of SU(2N f ) × O(3) originates from the quark model. However, physical states appear as combinations of these quark model irreducible representations, this fact is usually known as configuration mixing. The SU(2N f ) × O(3) symmetry is not something that follows from the fundamental QCD theory. This is also manifest in large N c QCD where the configuration mixing effects are not N c suppressed [21] [22] [23] . Instead of what is predicted by the quark model, states in the large N c limit belong to irreducible representations of a contracted SU(2N f ) c symmetry and organize into towers labeled by the associated quantum number K. Despite not being a suppressed effect, little analysis has been done of configuration mixing effects in the large N c limit. Only recently the N = 2 band nonstrange states have been studied using the 1/N c expansion considering configuration mixing in Ref. [24] but no such analysis has been done so far for N f = 3.
The tower structure is well understood in the nonstrange case, the K number that arises from the large N c limit is the spin vector K which is known as "grand spin" in chiral soliton models. In the nonstrange case, K = J + I where J is the total spin and I is the isospin.
The K number holds a very simple relation with the orbital angular momentum number L: K = L for the symmetric representations and K = L + 1 for the mixed-symmetric ones [24] .
However, for N f = 3 the content of each tower cannot be found so easily since the relation of K to the states quantum numbers is more complicated.
In addition to the quark operator method mentioned above, there is another natural approach to excited baryons from a large N c perspective known as the resonance picture [25] . It is important to point out that, from a N c counting point of view, the resonance width of baryons scales as N 0 c [7] , so that the existence of well-defined narrow baryon states is not ensured at large N c ; however, we can rely on the fact that the empirical evidence indicates detectable resonances. The resonance picture is derived entirely from large N c QCD and contains information on the tower classification. This picture has proven to be a fruitful method to obtain insight into aspects of baryon resonances in a systematic and model independent way [26] [27] [28] .
In this paper, we study the complete spectrum of the N = 2 band which contains 
II. SYMMETRIC AND MIXED-SYMMETRIC STATES
States of the N = 2 band can be analyzed as three quark systems with N c = 3. For N f = 3 these states belong to irreducible representations of SU(6) ⊗ O(3) where SU (6) contains the flavor group SU(3) and the spin group SU (2) . For N c = 3 only three spin-flavor representations occur: completely symmetric (S), mixed symmetric (MS) and completely antisymmetric (A). Each symmetry corresponds to the SU(6) multiplets 56, 70 and 20
respectively. In this section, we consider the S and MS representations, the building of states in the antisymmetric representation is described in Sec. VII.
The analysis of spin-flavor multiplets in large N c is a straightforward extension of methods familiar from N c = 3. In the N c > 3 generalization one assumes that the additional N c − 3 quarks appear in a completely symmetric spin-flavor combination. This generalization of the quark model has the same emergent symmetries as large N c QCD. Thus it is an efficient way to deduce group-theoretical results.
In the large N c approach, the multiplets have an infinite number of baryons, the physical baryons can be identified with states at the top of the flavor representations while the other states are spurious baryons that are not relevant when N c = 3. In addition to these spurious states that appear in the multiplets containing physical states, when N c > 3 additional spinflavor representations arise, these multiplets contain only spurious states that also decouple in the physical limit N c = 3. However, spurious states should be considered when N c is arbitrary since with this approach states associated with physical baryons can result in a combination that contains spurious states, as long as their quantum numbers allow it.
Relevant large N c spin-flavor multiplets are those having states with the same quantum numbers as those associated with the physical states, this means that we have to consider all multiplets containing states with a (total) spin J, a hypercharge Y and an isospin number I that correspond to a baryon observed in Nature. To identify these states, we must analyze the decomposition of SU(6) spin-flavor representations into separate SU(2) spin and SU (3) flavor representations for N c quark baryons. Relevant SU(3) flavor representations that emerge from the large N c generalization are
where we used the SU(N f ) Dynkin label which consists of a multiplet (n 1 , n 2 , ..., n N f −1 )
where the non-negative integers n r stand for the number of boxes in row r of the Young , but as will be clear in the following, they are not contained in the SU(6) multiplets of interest.
The SU(6) decompositions relevant to this work for each spin-flavor multiplet can be found using the general method of Ref. [30] and are given by
where the notation adopted is [J, R] S with R being the flavor representation, J the total spin given by the vector sum J = S + L and S the spin of the multiplet. A complete list of the representations contained in the "56" and "70" multiplets can be found in a general form in Eqs. (3.1) and (3.2) of Ref. [27] for arbitrary N f . Irreducible representations marked with a * contain only spurious states, note that these are not only "S" multiplets but also "8" and "10" with high spin which also decouple in the physical limit [31] . We only show 
In this approach, as explained in detail in Ref. 
where ( 
This implies that only MS multiplets with p = 2S have core states with well-defined spin.
III. MASS OPERATORS
We build the mass operators as described in Ref. [12] but considering a generalization similar to the one used for decay processes and used in Ref. [24] . This generalization consists 
where T, T ′ stand for the SU(6)×O ( 
Operators on Eq. (7) are a generalization of operators on Ref. [26] in a slightly modified basis.
IV. MASS MATRICES
In this section, we present the calculations of the mass matrix elements of Eq. (6) for the states in the multiplets given in Eq. (2).
The O i operators of Eq. (7) can all be written in a general form as
, where
acts on the spin-flavor part of the wave function. The matrix element in its most general form can be written as
is the dimension of the representation R, the second term in parentheses is a Clebsch-Gordan coefficient in SU(3) (defined by Eq. (A1)) and the term in braces is an ordinary SU(2) 9j symbol. In the cases of mass operators j = 0 and r = 1. The deduction of this expression can be found on App. A. Reduced matrix elements of ξ (l) are left undetermined to maintain generality. As described in detail in App. A, reduced matrix elements for each G [s,r] operator can be expressed in terms of reduced matrix elements of core operators whose explicit expressions can be found at the end of that appendix.
States in Eq. (2) with same spin and isospin can mix giving rise to 24 mass matrices:
In contrast with the nonstrange cases, mass matrices of strange states have contributions from coefficients c
and c
. The Σ 7/2 mass matrix has four eigenvalues m K , with 
Note that there are two states with K = 3, each one corresponding to states with "8" and "10" flavor symmetry.
All 24 mass matrices obtained can be expressed in terms of only 12 coefficients corresponding toc
,c
, c
.
As mentioned before, even if the SU(6) symmetry of the quark models does not hold in large N c QCD, we did not expect all states in the multiplets listed in Eq. (2) to mix. The spin number S is not a good quantum number in Nature, namely (I, J) states are a linear combination of states with different S number. Also, since we are neglecting the breaking of the SU(3) symmetry all members of the same flavor multiplets are degenerate and states from different multiplets "8", "10", "1" and "S" do not mix. However, we allowed for configuration mixing to occur so that the states from different SU(6) multiplets mix as well as states with different L.
We found that operators By calculating the eigenvalues of the 24 mass matrices we found that all the S and MS states of the N = 2 band have only nine masses which can be expressed as
where
When writing the eigenvalues m K obtained in terms of the mass eigenvaluesm K that we would have in the absence of configuration mixing, (which is equivalent to setting
while for the K = 1, 2 states we obtain the same result as in the N f = 2 case, namely
and µ 2 = − √ 2c
. With these expressions η M S 0 , η S 2 can be written as
The SU(3) multiplets considered organize into nine towers as follows It is easy to see from Eq. (11) that nonstrange states can be described by using only oper-
O 2 , however the proportionality constant is different when considering the T, T ′ = S 2 , MS 2 or the T, T ′ = MS 2 subspace, indicated by the replacementsc
we did in Sec. IV.
Expressions of matrix elements in the case of finite N c are long. Thus we limit ourselves only to mention that in all cases spurious states decouple from the physical states in the limit N c = 3.
V. TOWERS IN SU (3)
As mentioned in the Introduction, in the large N c limit a classification of the baryons into towers arises. As a consequence, when using a generalized quark model basis, only states with the same K value can mix. And compared to the no-mixing case, the configuration mixing only shifts the energies of towers.
For a given state in a SU(6) × O(3) representation, towers for nonstrange states are given by fairly simple relations between the K number and the orbital angular momentum, i.e., K = L for the symmetric representations and K = L + 1 for the mixed-symmetric ones [24] . If there is no symmetry breaking these relations must hold for the strange states in the corresponding SU(3) flavor multiplets.
For states belonging to SU(3) flavor representations "S" and "1", which do not have nonstrange states, we associated a half-integer K value which indicates that the K number and the orbital angular momentum relations found for N f = 2 do not hold in the SU (3) case in general.
We found that in a SU(3) generalization one can consider the lower strangeness number . This is consistent with having two K = 1 and two
VI. NUCLEON-MESON SCATTERING PICTURE
As discussed in the Introduction, another method to uncover the properties of excited states is to study the scattering processes deduced exclusively from large N c . we assigned half-integer K values to the "S" and "1" representations.
In order to analyze a resonance with I s , J s quantum numbers we study the 
where A ≡ (N c −3, 0, 1, 0, . . . , 0) =
For low values of N c , some terms in Eq. (15) vanish as the sum labels have to be nonnegative and the n r entries in the Dynkin symbols have to be null when r > N f − 1 (or else we would need more flavors to obtain the wanted symmetry), any term that does not fulfill these conditions vanishes. It is worth noting that according to Eq. (15) the first three terms in equation (3.3) of Ref. [27] should not be present.
After a straightforward examination of the states of each multiplet, we find that the SU(6) decompositions useful to this analysis for each spin-flavor multiplet are given by
There are two physical octets with J = 1/2, 3/2 and three singlet Λ states with J = 1/2, 3/2, 5/2 associated with baryons expected to appear in Nature.
A. Antisymmetric wave functions
To build the antisymmetric wave functions we assume that the cores are mixed-symmetric states of N c − 1 quarks. Antisymmetric states are, therefore, a linear combination of mixedsymmetric cores coupled to a quark which can be written as
where q≡[1/2, 3] represents the single quark and the MS label in the core representation indicates that the core has mixed symmetry in the spin-flavor space. The MS core and the excited quark quantum numbers are coupled in such way that the overall symmetry corresponds to the spin and flavor representations S and R. The coefficients c i in Eq. (17) have to be set to those that give the antisymmetric spin-flavor representation.
The MS cores, in turn, are a combination of a symmetric state of N c − 2 quarks coupled to a quark which can be written as To find the appropriate linear combination of MS cores we use the quadratic Casimir operator. The SU(6) quadratic Casimir operator, whose matrix elements are known, can be broken down into SU(2) and SU(3) core and excited quark contributions. By calculating the matrix elements of these contributions, a matrix of the Casimir operator can be obtained which, when diagonalized, will give the core composition of the states with definite symmetry. Details of these calculations can be found on App. C. The core composition for the antisymmetric representations of interest in this work is given by 1 2 , "8"
,8] , 3 2 , "8"
,8]
Nc−1 Nc
,8] , 3 2 , "1"
,1]
,1] , 1 2 , "1"
where R h ≡ h,
. These coefficients have been checked against those on Ref. [34] for N c = 5.
B. Operator expansion
Since we are not considering SU(3) symmetry breaking, the energy spectrum for large N c for all states belonging to "8" flavor multiplets will be given by the K value that follows from the K = I + J relation for nonstrange states presented in the Introduction. This implies that 
The mass operator can be written as a linear combination of these operators as in Eq. (6) where the sum goes up to i = 3.
The building blocks of the mass operators are, as in the S and MS cases, the SU (6) generators acting on the excited quark and on the core. This clearly implies that the matrix elements of these operators between states containing cores of different symmetry vanish.
Therefore, as mentioned in the Introduction, there is no mixing between baryons of the ["20", 1 + ] and the other states of the N = 2 band.
Using the operators of Eq. (21) for the nucleon with J = 1/2, we obtain
This matrix has two eigenvalues that we label m 0 , m 1 .
For the N 3/2 , we have
with eigenvalues m 1 , m 2 and
for the N 5/2 state which we call m 3 .
Eigenvalues found for the strange partners in these flavor multiplets are the same as the ones found for the corresponding nucleon.
The eigenvalues expressions found in terms of the expansion coefficients are
The tower structure found for the nonstrange antisymmetric states and their strange partners in the flavor multiplet is given by
This structure is the same as the one found for the ["70", 1 − ] multiplet at large N c where the spin-flavor multiplets containing nonstrange states organize into three towers with K = 0, 1, 2 [26] and it also agrees with the remark in Ref. [27] , where using a hedgehogbased analysis authors argue that the MS and A configurations have the same spectrum of nonstrange states for large N c . Furthermore, not only the tower structure coincides but also the m i and the matrices expressions are identical to the ones found for the MS states which can be obtained from expressions in Refs. [9, 12] (in particular matrices in this work are identical to those in Ref. [33] ). Then, the matrices found imply, as in the MS case, that the mixing angle in the unitary matrix that diagonalizes M N 1/2 and M N 3/2 is surprisingly simple as it is independent of the c i coefficients. Given the fact that we only have three operators involved and two matrices it is not clear if this is a coincidence or if it suggests that there is a deeper connection between the MS and A symmetries.
C. Towers for antisymmetric states
We corroborated that multiplets The large N c spectrum of the strange flavor multiplets appear to have a different structure. . Nevertheless, at this point we turn the attention to the phenomenological relevance such analysis, two towers seem to arise with a same given K value (these towers with same K value should not be confused with the ones of the case of the S and MS states described in previous sections where K towers with ± labels arise exclusively from configuration mixing) but only one of these two towers contains the physical state, the other is a "spurious tower", i.e., this entire tower decouples in the physical limit. Then, it is clear that, from a phenomenological point of view there is no interest in including these two extra spurious towers. Only three non-spurious towers arise which indicates that to consider these states in a 1/N c expansion framework one should considerate three extra operators in addition to those on Eq. (21).
When building the mass operator for antisymmetric states, reduction rules of Ref. [32] cannot be used for core operators since cores are no longer symmetric. However, the rules 
Then, as in the case of the "56" and "70" multiplets, the gG c operator can always be eliminated in favor of sS c and tT c .
Considering the reduction rules for symmetric representations applied as described above and the Casimir identity found for A states with MS cores, additional operators
and O 5 = 
which in the case of antisymmetric states is not linearly dependent of the other operators since the cores are mixed-symmetric. With these operators one can take a phenomenological approach and calculate the spectra for finite N c . This analysis must be completed with experimental data which is not yet available since we still have very little experimental information about the states in the antisymmetric representation.
VIII. CONCLUSIONS
In this work we have performed a complete large N c analysis of the masses of all states belonging to the N = 2 quark model band for N c = 3.
We first studied baryons of the N = 2 band in multiplets ["56",
in the large N c limit allowing for the states belonging to the irreducible representation SU(6) × O(3) to mix. This representation arises from the quark models but is not a symmetry of QCD, nor is it a symmetry of large N c QCD. To analyze the spectrum of these baryons in the large N c limit we considered a 1/N c expansion using core and excited quark operators with a generic spatial operator which allows for the quark model states to mix.
We found that configuration mixing effects appear only on flavor multiplets containing nonstrange states, it has no effect over states in the "1" or "S" flavor representations. The 146 isomultiplets of the S and MS representations fall into only nine towers predicted by large N c QCD. We found that only the SU(6) × O(3) states with the same K label can mix, which is a direct consequence of the contracted symmetry of the large N c limit. Multiplets with nonstrange baryons were found to belong to five towers labeled with
while strange flavor multiplets were associated with K = . However, as explained in Sec. VII, there are three towers containing one physical baryon each and two additional spurious towers we labeled with K =1 2 , K =3 2 .
Using core and excited quark operators we obtained results predicted in large N c QCD and that are compatible with the resonance picture, even when including configuration mixing. This indicates that this approach is appropriate to analyze states in the large N c limit and effects from other operators must be subleading.
whereĵ ≡ √ 1 + 2j. In the cases of mass operators we will have j = 0 and r = 1. The orbital and spin-flavor contributions in the reduced matrix element above can be written in an uncoupled basis as
where the term in braces is an ordinary SU (2) 
where λ and Λ are quark and core operators respectively, λ = s, t, g and Λ = S c , T c , G c .
Then, the matrix elements of G can be written in the uncoupled basis as
where the second term in braces represents a SU(3) 9j symbol which is defined in the following.
The SU(3) 9j symbols are defined by the reduced matrix element of a two-body operator in the SU(3) space written as
The SU(3) 9j symbol can be calculated by evaluating
where the SU(3) isoscalar factors are defined by
The f function in Eq. (A7) is given by
The required explicit expression for the SU(3) isoscalar factors have been obtained in Refs. [38, 39] .
in Eq. (A5) are given explicitly for (N c − 1)-quarks symmetric cores in the following.
The matrix elements of the G c operator for symmetric cores are given by
On another hand, for T c we have
where C SU (3) (R) is the quadratic Casimir operator for SU (3) given by
The S c matrix elements for symmetric cores are
Appendix B: Partial-wave amplitudes for symmetric and mixed-symmetric states
In this appendix we list the partial-wave amplitudes containing resonances with quantum numbers corresponding to S and MS states of the N = 2 band in large the N c quark picture. relation C SU (6) = 2G ia G ia + 
Then, when calculating the matrix elements of the operator in Eq. (C1) all terms in the LHS and RHS are determined except for g ia (G c ) ia . As mentioned before, the core can be assumed to be an (N c − 2) quarks corec in a symmetric representation coupled to a quark so that the overall symmetry is mixed-symmetric. We can write (G c ) ia = (Gc) ia + g ia and using the Wigner-Eckart theorems for SU(2) and SU(3) we find that 
where we used the relation between Cartesian and spherical basis given by
0,0 . The second term in braces is an SU(3) 9j symbol whose definition can be found in App. A. Details on how to calculate S c i , R c i ||G [1, 8] N c (5N c + 18) so that, when we diagonalize the matrices we obtain the core composition of the A, MS and MS2 representations. In Eq. (20) of Sec. VII we list the results for the A states which we used in the calculations that follow in that section. containing the nonstrange resonances were calculated before in Ref. [27] and are listed here for the reader's convenience.
